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We model interaction of photons, pseudoscalars and vector mesons within the resonance chiral
symmetric theory with the SU(3) breaking. The couplings of the model are fitted to the experimental
data. Within the developed model we predict the light-by-light contributions to the muon anomalous
magnetic moment aPµ = (82.8±3.4)×10
−11 . The error covers also the model dependence within the
class of models considered in this paper. The model was implemented into the Monte Carlo event
generator Ekhara to simulate the reactions e+e− → e+e−P , P = pi0, η, η′ and into the Monte Carlo
event generator Phokhara to simulate the reactions e+e− → Pγ(γ).
PACS numbers: 14.40.Be, 13.40.Gp, 13.66.Bc, 13.40.Em
I. INTRODUCTION
During the last years many very accurate experimen-
tal data, which contain information about photon-hadron
interactions, emerged. In the same time one can observe
a significant contribution from the theory community to
improve the quality of the models used to describe the ex-
perimental data. Thus the quest for precision in hadron-
photon interactions [1] is well under way. Two main rea-
sons for this effort, besides the pure interest in knowing
better the microscopic world, are: the discrepancy at the
level of almost 4 σ between the measured [2] and the cal-
culated [3–8] values of anomalous magnetic moment of
the muon (aµ) and the accuracy of the electromagnetic
running coupling constant calculated at MZ [3], which is
a limiting factor in future tests of the Standard Model.
In both cases the hadronic contributions are the source
of the uncertainties as electroweak corrections are well
under control.
In this paper we extend the validity of the model de-
veloped in [9] to be able not only to model correctly the
γ∗−γ∗−P form factors in the space-like region, which are
necessary to calculate the light-by-light contributions to
the aµ [7, 10], but also to describe correctly all the experi-
mental data which can be predicted from the Lagrangians
LγγP , LγV , LV γP and LV V P . A similar research pro-
gram of a global fit was carried within the Hidden Local
Symmetry (HLS) effective Lagrangian [5, 11, 12] with
many statistical test carried, yet concentrating on the
modeling of the processes needed for the calculations of
the leading order hadronic vacuum polarization contri-
butions to aµ. We plan to extend our analysis to cover
also the e+e− → π+π−,K+K−,K0K¯0 and, π+π−π0 in
a future publication. This way it will be possible to
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study model dependence of the obtained results, com-
paring the HLS and the resonance chiral Lagrangian ap-
proach, which despite similarities are not identical. The
γ∗ − γ∗ − P form factors, one of the outcome of this
paper, are modeled within various frameworks [9, 13–
32]: phenomenology oriented, aiming for model indepen-
dence Pade´ approximants, chiral effective resonance the-
ory, quark models and Nambu-Jona-Lasinio model.
The paper is organized in the following way: In Section
II we describe the modifications of the model developed
in [9]. In Section III we describe the fits to experimen-
tal data. In Section IV the asymptotic behaviour and
the slopes of the pseudoscalar form factors are discussed.
In Section V we present the evaluation, within the de-
veloped model, of the light-by-light contributions to the
anomalous magnetic moment of the muon. In Section VI
the implementations to the Monte Carlo event generators
Phokhara [33, 34] and Ekhara [35, 36] are presented. We
shortly summarize the results in Section VII.
II. THE MODEL
As said already in the Introduction, one of the aims of
this paper was to extend the model used in [9] for model-
ing of the γ∗−γ∗−P form factors in the space-like region
to be able to cover also the time-like region, adding to
the list of modeled entities also other physical observables
(see Section III). In [9] the SU(3) symmetry was assumed
for the couplings in the relevant Lagrangians. However
from the experimental data, which are modeled by the
form factors in the time-like region, it is evident that
this symmetry is broken (see the discussion in the next
section). The strategy to model all the space-like and
the time-like data was to extend the model from [9] in
the minimal possible way to describe the whole set of the
experimental data. In [9] it was checked that the space-
like data can be modeled using only two vector-meson
octets. When extending the model to the time-like re-
gion as well, one has to use at least three octets. This
was adopted within this paper. The η−η′ mixing scheme,
2which was taken in [9] from[37, 38], is kept unchanged.
However, as there are new data available, we have fitted
the mixing parameters to the experimental observables
predicted from the Lagrangians described below.
The Wess-Zumino-Witten Lagrangian [39, 40], which
describes the interaction of pseudoscalar mesons with two
photons, can be written down in the terms of the physical
fields as
LγγP = −e
2Nc
24π2fpi
ǫµναβ∂µBν∂αBβ
[
π0 + η(
5
3
Cq −
√
2
3
Cs)
+ η′(
5
3
C′q +
√
2
3
C′s)
]
. (1)
The γV interaction is described in terms of the follow-
ing Lagrangian:
LγV = −e
3∑
i=1
fVi∂µBν
(
ρ˜i
µν +
1
3
Fωi ω˜
µν
i −
√
2
3
Fφi φ˜
µν
i
)
,
(2)
where V˜µν ≡ ∂µVν − ∂νVµ, fVi is dimensionless coupling
for the vector representation of the spin-1 fields in a given
octet. The SU(3) symmetry of the coupling constants is
broken here in the first octet only, by introducing the
additional constants Fω1 and Fφ1 . For the other octets
the constants are set to 1: Fωi = Fφi = 1, for i = 2, 3
preserving the SU(3) symmetry in the higher octets.
The Lagrangians that describe vector-photon-
pseudoscalar and two vector mesons interaction with
pseudoscalar come from extension of the Lagrangians
from [41], which were adopted in [9]. In terms of the
physical fields they read
LV γpi0 = −
n∑
i=1
4
√
2ehVi
3fpi
ǫµναβ∂
αBβ
(
ρµi + 3Hωiω
µ
i −
3√
2
Api0i φ
µ
i
)
∂νπ0 , (3)
LV γη = −
n∑
i=1
4
√
2ehVi
3fpi
ǫµναβ∂
αBβ
[
(3ρµi + ω
µ
i )Cq + 2φ
µ
i Cs − (
5√
2
Cq − Cs)Aηi φµi
]
∂νη , (4)
LV γη′ = −
n∑
i=1
4
√
2ehVi
3fpi
ǫµναβ∂
αBβ
[
(3ρµi + ω
µ
i )C
′
q − 2φµi C′s − (
5√
2
C′q + C
′
s)A
η′
i φ
µ
i
]
∂νη′ , (5)
LV V pi0 = −
n∑
i=1
4σVi
fpi
ǫµναβ
[ 1
Fωi
π0∂µωνi ∂
αρβi +
3(FωiHωi − 1−Api
0
φω,i)
2F 2ωi
π0∂µωνi ∂
αωβi
+
3(Api0i −Api
0
φω,i/Fφi)
4Fφi
π0∂µφνi ∂
αφβi −
3Api
0
φω,i√
2FωiFφi
π0∂µφνi ∂
αωβi
]
, (6)
LV V η = −
n∑
i=1
4σVi
fpi
ǫµναβη
[
(∂µρνi ∂
αρβi +
1
Fωi
∂µωνi ∂
αωβi )
1
2
Cq −
9Aηφωi
F 2ωi
∂µωνi ∂
αωβi −
1
Fφi
∂µφνi ∂
αφβi
1√
2
Cs
− 9A
η
φω,i
2F 2φi
∂µφνi ∂
αφβi +
Aηi
6Fφi
(
15
2
Cq − 3√
2
Cs)∂
µφνi ∂
αφβi −
9
√
2Aηφω,i
FωiFφi
∂µφνi ∂
αωβi
]
, (7)
LV V η′ = −
n∑
i=1
4σVi
fpi
ǫµναβη
′
[
(∂µρνi ∂
αρβi +
1
Fωi
∂µωνi ∂
αωβi )
1
2
C′q +
1
Fφi
∂µφνi ∂
αφβi
1√
2
C′s
+
Aη
′
i
6Fφi
(
15
2
C′q +
3√
2
C′s)∂
µφνi ∂
αφβi
]
, (8)
where n = 3, Hωi , Fφi = 1 for i = 2, 3, A
P
φω,i 6= 0 only for i = 1 and P = π0, η. Cq, C′q, Cs, C′s are given by the
3following formulae
Cq =
fpi√
3 cos (θ8 − θ0)
( 1
f8
cos θ0 − 1
f0
√
2 sin θ8
)
, (9)
Cs =
fpi√
3 cos (θ8 − θ0)
( 1
f8
√
2 cos θ0 +
1
f0
sin θ8
)
, (10)
C′q =
fpi√
3 cos (θ8 − θ0)
( 1
f0
√
2 cos θ8 +
1
f8
sin θ0
)
, (11)
C′s =
fpi√
3 cos (θ8 − θ0)
( 1
f0
cos θ8 − 1
f8
√
2 sin θ0
)
. (12)
The model from [9] is recovered setting n = 2, Hωi =
Fφi = 1, A
P
i = 0 and A
P
φω,i = 0. The couplings in the
Lagrangians LV V P are chosen to fulfil the asymptotic
behaviour of the P −γ∗−γ∗ form factors. It is discussed
later in this Section.
From the Lagrangians, Eqs.(1-8), one derives the P −
γ∗ − γ∗ amplitude
M[P → γ∗(q1) γ∗(q2)] = e2ǫµναβqµ1 qα2 Fγ∗γ∗P (t1, t2).
(13)
The form factors Fγ∗γ∗P (t1, t2) read
Fγ∗γ∗pi0(t1, t2) = −
Nc
12π2fpi
+
n∑
i=1
4
√
2hVifVi
3fpi
t1
(
Dρi(t1) + FωiHωiDωi(t1) +A
pi0
i FφiDφi(t1)
)
+
n∑
i=1
4
√
2hVifVi
3fpi
t2
(
Dρi(t2) + FωiHωiDωi(t2) +A
pi0
i FφiDφi(t2)
)
−
n∑
i=1
4σVif
2
Vi
3fpi
t1t2
(
Dρi(t2)Dωi(t1) +Dρi(t1)Dωi(t2) + (A
pi0
i Fφi −Api
0
φω,i)Dφi(t1)Dφi(t2)
+
(
FωiHωi − 1−Api
0
φω,i
)
Dωi(t1)Dωi(t2) +A
pi0
φω,i
(
Dφi(t1)Dωi(t2) +Dφi(t1)Dωi(t2)
))
, (14)
Fγ∗γ∗η(t1, t2) = − Nc
12π2fpi
(5
3
Cq −
√
2
3
Cs
)
+
n∑
i=1
4
√
2hVifVi
3fpi
t1
((
3CqDρi(t1) +
1
3
FωiCqDωi(t1)−
2
√
2
3
CsFφiDφi(t1)
)
+
(5
3
Cq −
√
2
3
Cs
)
Aηi FφiDφi(t1)
)
+
n∑
i=1
4
√
2hVifVi
3fpi
t2
((
3CqDρi(t2) +
1
3
CqFωiDωi(t2)−
2
√
2
3
CsFφiDφi(t2)
)
+
(5
3
Cq −
√
2
3
Cs
)
Aηi FφiDφi(t2)
)
−
n∑
i=1
8σVif
2
Vi
fpi
t1t2
[(1
2
CqDρi(t1)Dρi(t2) +
1
18
FωiCqDωi(t1)Dωi(t2)−Aηφω,iDωi(t1)Dωi(t2)−
√
2
9
CsFφiDφi(t1)Dφi(t2)
)
+
Aηi Fφi
6
(5
3
Cq −
√
2
3
Cs
)
Dφi(t1)Dφi(t2)−Aηφω,iDφi(t1)Dφi(t2) +Aηφω,i
(
Dφi(t1)Dωi(t2) +Dφi(t1)Dωi(t2)
)]
, (15)
and
Fγ∗γ∗η′(t1, t2) = − Nc
12π2fpi
(5
3
C′q +
√
2
3
C′s
)
+
n∑
i=1
4
√
2hVifVi
3fpi
t1
((
3C′qDρi(t1) +
1
3
FωiC
′
qDωi(t1) +
2
√
2
3
C′sFφiDφi(t1)
)
+
(5
3
C′q +
√
2
3
C′s
)
Aη
′
i FφiDφi(t1)
)
+
n∑
i=1
4
√
2hVifVi
3fpi
t2
((
3C′qDρi(t2) +
1
3
FωiC
′
qDωi(t2) +
2
√
2
3
C′sFφiDφi(t2)
)
+
(5
3
C′q +
√
2
3
C′s
)
Aη
′
i FφiDφi(t2)
)
−
n∑
i=1
8σVif
2
Vi
fpi
t1t2
[(1
2
C′qDρi(t1)Dρi(t2) +
1
18
FωiC
′
qDωi(t1)Dωi(t2) +
√
2
9
C′sFφiDφi(t1)Dφi(t2)
)
4+
Aη
′
i Fφi
6
(5
3
C′q +
√
2
3
C′s
)
Dφi(t1)Dφi(t2)
]
, (16)
where the vector meson propagators DVi(Q
2) in the
space-like region are defined by:
DVi(Q
2) = [Q2 −M2Vi ]−1 . (17)
In the time-like region we use the propagators DVi(Q
2)
in the following form:
DVi(Q
2) = [Q2 −M2Vi + i
√
Q2ΓVi ]
−1 . (18)
All masses and widths are fixed to their PDG [42] values.
We require that the form factors Fγ∗γ∗P (t1, t2) vanish, for
any value of t2 (t1), when the photon virtuality t1 (t2)
goes to infinity . This constraint leads to the following
relations between the couplings:
− Nc
4π2
+4
√
2
n∑
i=1
hVifVi(1+FωiHωi +A
pi0
i Fφi) = 0, (19)
√
2hVifVi − σVif2Vi = 0, i = 1, .., n (20)
− Nc
4π2
(
5
3
Cq −
√
2
3
Cs) + 4
√
2
n∑
i=1
hVifVi
[
(3Cq +
1
3
FωiCq −
2
√
2
3
CsFφi) + (
5
3
Cq −
√
2
3
Cs)A
η
i Fφi
]
= 0 , (21)
and
− Nc
4π2
(
5
3
C′q +
√
2
3
C′s) + 4
√
2
n∑
i=1
hVifVi
[
(3C′q +
1
3
FωiC
′
q +
2
√
2
3
C′sFφi) + (
5
3
C′q +
√
2
3
C′s)A
η′
i Fφi
]
= 0 . (22)
These relations allow us to determine six of the model
parameters. We have chosen σVif
2
Vi
(i = 1, 2, 3), hV3fV3 ,
Aη2 and A
η′
2 to be determined by using the asymptotic
relations Eqs.(20), Eq.(19) Eq.(21) and Eq.(22) corre-
spondingly. Remaining parameters have been fitted to
experimental data. From the Lagrangians Eqs.(1-8) one
can derive also the V − P − γ∗ amplitudes
M[V (P )→ P (V )(q1) γ∗(q2)] = eǫµνβαqν1 qα2 FV Pγ∗(t1),
(23)
where t1 = q
2
2 .
The form factors, given here only for the specific chan-
nels used in the fits, have the following form
Fρpi0γ∗(t1) =
4
√
2hV1
3fpi
{
1− t1Dω1(t1)
}
, (24)
Fωpi0γ∗(t1) =
4
√
2hV1
fpi
{
Hω1 −
t1
Fω1
[
Dρ1(t1) +
(
Hω1Fω1 − 1−Api
0
φω,1
)
Dω1(t1) +A
pi0
φω,1Dφ1(t1)
]}
, (25)
Fφpi0γ∗(t1) =
−4hV1
fpi
{
Api
0
1 −
Api
0
φω,1
Fφ1
t1Dω1(t1)−
(
Api
0
1 −
Api
0
φω,1
Fφ1
)
t1Dφ1(t1)
}
, (26)
Fρηγ∗(t1) =
4
√
2hV1Cq
fpi
{
1− t1Dρ1(t1)
}
, (27)
Fωηγ∗(t1) =
4
√
2hV1
3fpi
{
Cq
(
1− t1Dω1(t1)
)
+
18Aηφω,1t1
Fω1
(
Dω1(t1)−Dφ1(t1)
)}
, (28)
5Fφηγ∗(t1) =
4
√
2hV1
3fpi
{[
2Cs −
( 5√
2
Cq − Cs
)
Aη1
][
1− t1Dφ1(t1)
]
+
9
√
2Aηφω,1
Fφ1
[
t1Dω1(t1)− t1Dφ1(t1)
]}
, (29)
Fρη′γ∗(t1) =
4
√
2hV1C
′
q
fpi
{
1− t1Dρ1(t1)
}
, Fωη′γ∗(t1) =
4
√
2hV1C
′
q
3fpi
{
1− t1Dω1(t1)
}
, (30)
Fφη′γ∗(t1) =
4
√
2hV1
3fpi
[
− 2C′s −
( 5√
2
C′q + C
′
s
)
Aη
′
1
][
1− t1Dφ1(t1)
]
. (31)
III. FITTING THE MODEL PARAMETERS TO
THE EXISTING DATA
We have fitted the parameters of our model to all ex-
isting experimental data, which can be described by the
Lagrangians Eq.(1-8), in the space-like as well as in the
time-like region of the photon virtualities. The data in
the space-like region include measurements of the transi-
tion form factors for π0, η, η′ by BaBar[43], BELLE[44],
CELLO [45] and CLEO [46] collaborations. In our model
they are predicted in Eqs.(14-16). The data in the time-
like region include measurements of the cross sections for
the reactions e+e− → π0(η)γ by SND [47, 48] and CMD2
[49] collaborations. The formula for the e+e− → Pγ
cross section, where P denotes a pseudoscalar (π0, η or
η′), reads
σe+e−→Pγ(s) =
(4πα)3
24πs
(
1− m
2
P
s
)(s−m2P
2
√
s
)2
·|Fγγ∗P (0, s)|2 , (32)
where mP is the mass of P , s the Mandelstam vari-
able and Fγγ∗P (0, s) one of the transition form-factors
Eqs.(14-16).
In addition the time-like form factors measured in 3-
body decays were used in the fit. The following data sets
were included and the model parameters fitted using the
formulae given in brackets: A2 measurement of a decay
π0 → γe+e− [50] (Eq. 14), A2 measurement of a de-
cay η → γe+e− [51] (Eq. 15), BESIII measurement of a
decay η′ → γe+e− [52] (Eq. 16), A2 measurement of a
decay ω → π0e+e− [51] (Eq. 25), KLOE-2 measurement
of a decay φ→ π0e+e− [53] (Eq. 26) and KLOE-2 mea-
surement of a decay φ → ηe+e− [54] (Eq. 29). For the
A2 measurement of a decay η → π0γγ [55] a differential
partial width was given. The formula describing it reads
dΓ
(
η(q) → π0(p)γ(k1)γ(k2)
)
=
1
4mη
|M |2dLips3(q; p, k1, k2) , (33)
with the amplitude given by
M =
∑
i,V
(
4
√
2ehVi
3fpi
)2
ǫµναβq
νkα1 ǫ
β(k1)g
µδ
DVi((p+ k2)
2)ǫδσδ′σ′p
σkδ
′
2 ǫ
σ′(k2)BVi
+
(
k1 ↔ k2
)
, (34)
where Bφi = − 3√2Api
0
i [2Cs−( 5√2Cq−Cs)A
η
i ], Bρi = 3Cq,
Bωi = 3HωiCq and DVi is defined in Eq. (18).
The 2-body partial decay widths [42] P → γγ V →
e+e− (V = ρ, ω, φ), V → π0γ, V → ηγ, φ → η′γ, η′ →
ργ and η′ → ωγ were also used in the fits. In our model
they are expressed as
Γ(P → γγ) = m
3
Pπα
2
4
|FPγ∗γ∗(0, 0)|2, (35)
Γ(ρ→ e+e−) = 4πα
2Mρf
2
V1
3
, (36)
Γ(ω → e+e−) = 4πα
2Mωf
2
V1
F 2ω1
27
, (37)
Γ(φ→ e+e−) = 8πα
2Mφf
2
V1
F 2φ1
27
, (38)
Γ(P → V γ) = α
8
m3Pk
3
V |FV Pγ∗(0)|2, (39)
Γ(V → Pγ) = α
24
M3V k
3
P |FV Pγ∗(0)|2, (40)
where kV = (1 − m
2
P
M2
V
)
, kP = (1 − M
2
V
m2
P
)
. The form fac-
tors FPγ∗γ∗ are given in Eqs.(14-16) and the form factors
FV Pγ∗ are given in Eqs.(24-31).
6We have performed two fits. One with fixed parame-
ters θ8, θ0, f8, f0 and fpi describing the η−η′ mixing and
the π0 → γγ decay width (called fit 1) and the second
one where we fit also these parameters (called fit 2) . The
χ2 values for all the experimental sets of data obtained in
the fits are given in Table I. BaBar measurement of the
π0 transition form factor [56] as well as NA60 measure-
ments [57] of the η transition form factor and the Fωpi0γ∗
form factor were not used in the fits summarized here.
They are in contradiction with other experimental data
(see Figures 1,5 and 6). The smallest tension is between
the η transition form factor measurements of A2 [51] and
NA60 [57] (see Figure 5) and in fact the data are consis-
tent within the experimental error bars. Yet, within the
model we developed here, there is no way to fit simulta-
neously SND [47] data on e+e− → ηγ cross section, the
differential width (η → π0γγ) measured by A2 [55] and
the partial widths V → ηγ [42] together with the NA60
measurements [57] of the η transition form factor in the
time-like region.
Experiment nep χ2,fit 1 χ2,fit 2 Experiment nep χ2,fit 1 χ2,fit 2
space-like form-factors
BELLE (pi0)[44] 15 9.96 6.72 CLEO98(η) [46] 19 15.8 15.5
CELLO91(pi0) [45] 5 0.34 0.24 BaBar(η′) [43] 11 5.4 3.70
CLEO98(pi0) [46] 15 10.6 6.82 CELLO91(η′) [45] 5 0.73 0.56
BaBar(η) [43] 11 7.34 7.5 CLEO98(η′) [46] 29 25.1 24.4
CELLO91(η) [45] 4 0.16 0.16
e+e− cross sections
CMD2(pi0γ) [49] 46 54.1 54.1 SND(ηγ) [47] 78 68.7 59.8
SND(pi0γ) [48] 62 65.5 54.2 BaBar(ηγ, η′γ) [58] 2 0.18 1.57
CMD2 (ηγ) [49] 42 25.4 25.6
3-body decays
A2(pi0 → γe+e−) [50] 18 0.32 0.34 A2(ω → pi0e+e−) [51] 14 2.14 2.12
A2(η → γe+e−) [51] 34 10.2 11.1 KLOE-2(φ→ pi0e+e−) [53] 15 4.33 4.33
A2 (η → pi0γγ) [55] 7 26.6 19.5 KLOE-2(φ→ ηe+e−) [54] 92 95.1 95.1
BESIII(η′ → γe+e−)[52] 8 2.39 2.13
2-body decays
Γ(pi0 → γγ) [42] 1 0.36 0.1 Γ(ρ→ pi0γ) [42] 1 1.17 0.42
Γ(η → γγ) [42] 1 0.78 2.73 Γ(ω → pi0γ) [42] 1 4.08 1.56
Γ(η′ → γγ) [42] 1 1.05 0.44 Γ(φ→ pi0γ) [42] 1 0.08 0.06
Γ(η′ → ργ) [42] 1 3.0 0.77 Γ(ρ→ ηγ) [42] 1 3.32 6.8
Γ(η′ → ωγ) [42] 1 0.00 0.54 Γ(ω → ηγ) [42] 1 6.86 3.04
Γ(ρ→ e+e−) [42] 1 0.23 0.05 Γ(φ→ ηγ) [42] 1 1.63 1.17
Γ(ω → e+e−) [42] 1 0.56 0.73 Γ(φ→ η′γ) [42] 1 0.01 0.00
Γ(φ→ e+e−) [42] 1 0.69 0.46
Total 536 454 415
TABLE I: The values of the χ2 for the experiments used in the
fits described in the text. ’nep’ means number of experimental
points.
In Table II we give the parameters obtained in both
fits. The fit is much better if we allow for changing of the
η − η′ mixing parameters. In principle one can think of
the ’fit 2’ as a way to extract the η−η′ mixing parameters.
Yet, one has to remember that this is a model dependent
extraction.
To show how the fits represent data for individual data
points we present here the following plots:
• In Figure 1 the pseudoscalars transition form fac-
tors in the space-like region are presented. The
’old fit’ refers there to the 2-octet model from [9].
On the right-hand side of the plots the asymp-
totic values of the form factors are given within
the current model (fit 2) (see also discussion in
7Section IV) and as in original Brodsky-Lapage pa-
per [59] i.e. 2fpi for the pion form factor, 2fη =
2fpi/(
5
3
Cq −
√
2
3
Cs) for the eta form factor and
2fη′ = 2fpi/(
5
3
C′q +
√
2
3
C′s) for the eta prime form
factor
• In Figures 2-4 the cross sections of the reactions
e+e− → π0γ and e+e− → ηγ are shown. We show
all the data points and fits in Figure 2 and sepa-
rately show the regions around ω ( Fig. 3 ) and φ
( Fig. 4) resonances.
• In Figure 5 the pseudoscalars transition form fac-
tors in the time-like region are presented.
• In Figures 6-7 the V Pγ form factors are shown.
• In Figure 8 the differential decay width of η →
π0γγ decay is presented.
We show only the plots using the parameters from fit 2.
The plots with the fit 1 parameters look similar.
Parameter fit 1 fit 2
hV1 0.0335(2) 0.0377(8)
fV1 0.2022(8) 0.2020(8)
fV2hV2 -0.0013(2) -0.0010(4)
hV2 0.00184(5) 0.0002(1)
hV3 -0.485(7) -0.30(4)
Hω1 1.160(11) 1.02(3)
Fω1 0.881(8) 0.88(1)
Fφ1 0.783(5) 0.783(5)
Api
0
1 -0.094(1) -0.083(2)
Api
0
2 -12.04(16) -15(6)
Api
0
3 0.08(3) -0.16(7)
A
η
1 -0.041(4) -0.30(4)
A
η
3 0.23(6) -0.06(8)
A
η
′
1 -0.039(7) -0.21(5)
A
η
′
3 -0.27(3) -0.56(6)
Api
0
φω,1 -0.23(4) -0.21(4)
A
η
φω,1 -0.031(8) -0.028(7)
fpi 0.092388(f) 0.09266(8)
f0 0.10623(f) 0.095(2)
f8 0.11697(f) 0.17(1)
θ0 -0.14471(f) -0.54(12)
θ8 -0.36516(f) -0.446(17)
TABLE II: Model parameters obtained in the fits. The errors,
given in brackets, are the parabolic errors calculated by Minos
of the Minuit package.(f) means that the parameter was fixed
in the fit to the value given in this Table.
old fit
fit
BaBar
CELLO 91
CLEO 98
BELLE
B-L
fit—
—
Q2 [GeV 2]
|Q
2
F
γ
∗
γ
∗
pi
0
(Q
2
,
0
)|
[G
e
V
]
4035302520151050
0.35
0.3
0.25
0.2
0.15
0.1
0.05
0
old fit
fit
BaBar
CLEO 98 3pi0
CLEO 98 2γ
CLEO 98 3pi
CELLO 91
fit—
B-L
Q2 [GeV 2]
|Q
2
F
γ
∗
γ
∗
η
(Q
2
,
0
)|
[G
e
V
]
4035302520151050
0.25
0.2
0.15
0.1
0.05
0
old fit
fit
BaBar
CLEO 98 pipi6γ
CLEO 98 10γ
CLEO 98 6γ
CLEO 98 2piγ
CLEO 98 2pi2pi2γ
CLEO 98 2pi2γ
CELLO 91
fit—
B-L—
Q2 [GeV 2]
|Q
2
F
γ
∗
γ
∗
η
‘
(Q
2
,
0
)|
[G
e
V
]
4035302520151050
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05
0
FIG. 1: Transition form factors γ∗γP in the space-like region
compared to the data.
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FIG. 2: Experimental data for σ(e+e− → Pγ) compared to
the model predictions.
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to φ peak.
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IV. THE ASYMPTOTICS OF THE FORM
FACTORS AND SLOPES OF THE FORM
FACTORS AT THE ORIGIN
The analytic form of the asymptotic behaviour of the
form factors is analogous to the one obtained in [9] with
the asymptotic limits changed. For completeness we re-
port here the formulae, but skip the discussion as it
should repeat the one presented in [9]. They read
Fγ∗γpi0(t, 0) =
n∑
i=1
4
√
2hVifVi
3fpi
1
t(
M2ρi + FωiHωiM
2
ωi
+Api
0
i FφiM
2
φi
)
+O
(
1
t2
)
,(41)
Fγ∗γ∗pi0(t, t) =
n∑
i=1
4
√
2hVifVi
3fpi
1
t2(
− 2M2ρiM2ωi − (Api
0
i Fφi −Api
0
φω,i)M
4
φi
− 2Api0φω,iM2φiM2ωi
−(FωiHωi − 1−Api
0
φω,i)M
4
ωi
)
+O
(
1
t3
)
, (42)
Fγ∗γη(t, 0) =
n∑
i=1
4
√
2hVifVi
3fpi
1
t(
3CqM
2
ρi
+
1
3
FωiCqM
2
ωi
− 2
√
2
3
CsFφiM
2
φi
+
(5
3
Cq −
√
2
3
Cs
)
Aηi FφiM
2
φi
)
+O
(
1
t2
)
, (43)
Fγ∗γ∗η(t, t) =
n∑
i=1
8
√
2hVifVi
fpi
1
t2(
− 1
2
CqM
4
ρi
− 1
18
FωiCqM
4
ωi
+Aηφω,iM
4
ωi
+
√
2
9
CsFφiM
4
φi
− A
η
i Fφi
6
(5
3
Cq −
√
2
3
Cs
)
M4φi
+Aηφω,iM
4
φi
+ 2Aηφω,iM
2
φi
M2ωi
)
+O
(
1
t3
)
, (44)
Fγ∗γη′ (t, 0) =
n∑
i=1
4
√
2hVifVi
3fpi
1
t(
3C
′
qM
2
ρi
+
1
3
FωiC
′
qM
2
ωi
+
2
√
2
3
C
′
sFφiM
2
φi
+
(5
3
C
′
q +
√
2
3
C
′
s
)
Aη
′
i FφiM
2
φi
)
+O
(
1
t2
)
, (45)
Fγ∗γ∗η′ (t, t) =
n∑
i=1
−8√2hVifVi
fpi
1
t2(
1
2
C
′
qM
4
ρi
+
1
18
FωiC
′
qM
4
ωi
+
√
2
9
C
′
sFφiM
4
φi
+
Aη
′
i Fφi
6
(5
3
C
′
q +
√
2
3
C
′
s
)
M4φi
)
+O
(
1
t3
)
. (46)
The models are compared often by comparing the
slopes of the form factors at the origin, which we de-
note as aP . For the pseudoscalar transition form factors
they are defined as:
aP ≡ 1
Fγ∗γ∗P (0, 0)
dFγ∗γ∗P (t, 0)
dx
∣∣∣∣
t=0
(47)
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where x ≡ t
m2
P
. The model predictions for the model
developed in this paper read:
api0 =
16
√
2π2m2
pi0
Nc
3∑
i=1
hVifVi(
1
M2ρi
+ FωiHωi
1
M2ωi
+Api
0
i Fφi
1
M2φi
)
(48)
aη =
16
√
2π2m2η
Nc(
5
3
Cq −
√
2
3
Cs)
3∑
i=1
hVifVi
(
3Cq
1
M2ρi
+
1
3
FωiCq
1
M2ωi
− 2
√
2
3
CsFφi
1
M2φi
+(
5
3
Cq −
√
2
3
Cs)A
η
i Fφi
1
M2φi
)
(49)
aη′ =
16
√
2π2m2
η‘
Nc(
5
3
C ′q +
√
2
3
C ′s)
3∑
i=1
hVifVi
(
3C
′
q
1
M2ρi
+
1
3
FωiC
′
q
1
M2ωi
+
2
√
2
3
C
′
sFφi
1
M2φi
+(
5
3
C
′
q +
√
2
3
C
′
s)A
η
′
i Fφi
1
M2φi
)
(50)
The numerical comparison between predictions within
different models and direct extractions from recent ex-
periments is made in Table III. The obtained results are
in fair agreement with both.
Model api0 aη aη′
fit 1 0.0298(3) 0.542(4) 1.357(9)
fit 2 0.0310(7) 0.536(11) 1.39(3)
[9] 0.02870(9) 0.521(2) 1.323(4)
[60] 0.0324 0.506 1.470
[61] - 0.62+0.06-0.03 -
[27] - 0.60(6)st(3)sy 1.30(15)st(7)sy
[29] - 0.576(11)st(4)sy -
[30] - - 1.31(4)
CELLO [45] 0.0326(26) 0.428(63) 1.46(16)
SINDRUM-I [62] 0.026(24)st(48)sy - -
[63] 0.025(14)st(26)sy - -
Mami [64] - 0.576(105)st(39)sy -
NA60 [65] - 0.585(18)st(13)sy -
NA62 [66] 0.0368(51)st(25)sy - -
TABLE III: The slope parameter aP (Eq.(47)) compared to
other model predictions and experimental data.
V. PSEUDOSCALAR CONTRIBUTIONS TO aµ
Within the model described in the previous sections we
calculate the contributions from the pseudoscalar mesons
Model api
0
µ a
η
µ a
η
′
µ a
P
µ
fit 1 58.80 ± 0.27 13.56 ± 0.10 12.97 ± 0.09 85.32 ± 0.30
fit 2 56.96 ± 0.94 13.35 ± 0.45 12.55 ± 0.48 82.85 ± 1.15
fit 3 59.07 ± 0.17 13.52 ± 0.09 12.96 ± 0.09 85.55 ± 0.22
fit 4 57.79 ± 0.90 13.31 ± 0.19 12.31 ± 0.21 83.41 ± 0.94
[67] 57.4 ± 6.0 13.4± 1.6 11.9 ± 1.4 82.7± 6.4
[68] 58± 10 13± 1 12± 1 83± 12
[69] - - - 85± 13
[70] 76.5 ± 6.5 18± 1.4 18± 1.5 114± 10
[71] 62.7 − 66.8 - - -
[10, 72] 72± 12 14.5± 4.8 12.5 ± 4.2 99± 16
[73] 68.8 ± 1.2 - - -
[74] 66.6 ± 2.1 20.4± 4.4 17.7 ± 2.3 104.7 ± 5.4
[75] 65.0 ± 8.3 - - -
TABLE IV: Pseudoscalar-exchange contribution to the
aHLBL,PSµ × 10
11 (PS = pi0, η, η
′
).
π0, η and η′ to the muon anomalous magnetic moment aµ.
The formula Eq.(155) of [10] was used with the form fac-
tors developed in this paper Eqs.(14-16). The variables
spanned from zero to infinity were mapped on the in-
tervals (0, 1) and the integrals were performed using the
Monte Carlo method. For a cross check of the numer-
ical method and the implementation we have recovered
values from Table 7 of [10] using the model(s) presented
there. The results are presented in Table IV for both
fits and compared with previous calculations. For the
error evaluation we have used the covariance matrix cal-
culated by Minuit from CERNLIB. The derivatives of the
aµ in respect to the fitting parameters were calculated nu-
merically, using the Monte Carlo method to obtain the
necessary integrals. The error of the sum of all the con-
tributions from pseudoscalars was calculated separately
as an error on the function being the sum of the free con-
tributions. As one can observe the obtained results are
consistent with most of other models. The biggest differ-
ences, not contained in the error bars, are observed with
calculations presented in [70, 73, 74]. The much smaller
errors of our calculations, as compared to other results,
are only parametric and do not cover the model depen-
dence. Yet, it has to be stressed that the model is able
to describe well all the existent data on the form factors
both in the space-like and time-like regions. To cover the
model dependence within the class of models we consider
here we added two values of aµ (fit 4 and fit 5). In the
models 4 and 5 we have excluded from the fit the cross
sections of the reactions e+e− → ηγ and e+e− → η′γ
measured by BaBar [58] at very high energy compared
to other data points. The fits were performed with pa-
rameters AP3 set to zero and with fixed or fitted mixing
parameters similarly to fits 1 and 2. The e+e− → η′γ
cross section calculated at the BaBar energy point is off
the measured value by about 5 standard deviations. Also
11
the predicted e+e− → π0γ cross section at s = 112 GeV2
is different for both fits. However, as expected from the
analysis in [76], the values of the pseudoscalar form fac-
tors at large invariant masses are much less important
than the behaviour in the range up to about 1 GeV for
the calculation of aµ. Thus the very close results for aµ
coming from all the fits are not surprising. The range of
the predicted values of aµ within the class of models we
examined is thus 79.4× 1011 < aPµ < 86.23× 10−11, if we
take conservatively 3σ errors, and the predicted value of
aµ is (82.8± 3.4)× 10−11.
VI. THE IMPLEMENTATION OF THE MODEL
IN EKHARA AND PHOKHARA GENERATORS
The new transition pseudoscalar form factors were im-
plemented in the event generator EKHARA [35, 36]. As
one can see from Figure 1 the difference of the form fac-
tors from this paper as compared to the old model [9], for
the configuration, where one of the invariant is equal to
zero, is not big. Yet, the experiments never have the sec-
ond invariant mass equal to zero and the events are col-
lected with a cut resulting from the cuts on the observed
particles. The influence of this effect on the experimental
side is a part of the systematic error. On the theory side
it is model dependent, with the part which is different
from zero only when both photon virtualities are differ-
ent from zero never tested directly by any experiment in
the space-like region. The difference of the predictions of
the influence of the second virtuality between the old and
the new model is shown in Figure 9. We plot there the
relative difference of the differential cross sections calcu-
lated with the complete form factors (full) and the case
where one of the invariants was set to zero (approx) as a
function of the second invariant Q2 = −(q− p)2. q is the
four-vector of the final positron and p is the four-vector of
the initial positron. We limit the invariant mass squared
of the first virtual photon (Q21 = −(q′ − p′)2, where q′
is the four-vector of the final electron and p′ is the four-
vector of the initial electron) to Q21 ≤ 0.18 GeV for π0
and to Q21 ≤ 0.38 for η and η′. As one can see the correc-
tions coming from the second invariant are by no means
negligible, and their size exhibits the model dependence.
In the plot the form factors of the ’fit 2’ were used. For
the ’fit 1’ they look similar.
Having the model of the pseudoscalar transition form
factors valid also in the time-like region we are able
to simulate the cross sections of the reactions e+e− →
Pγ. This is done within the Phokhara Monte Carlo
generator [33] framework. It is an upgrade of the
version 9.2 [34] and will be available from the web
page (http://ific.uv.es/∼rodrigo/phokhara/) as release
9.3. Both options with the fit 1 and the fit 2 parameters
are implemented. The next to leading order initial state
radiative corrections were included basing on the ap-
proach described in [77]. The virtual and the soft initial
state corrections are universal and are exactly the same
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FIG. 9: The relative difference of differential cross sections
calculated with Fγ∗γ∗P (−Q
2, q21) (full) and Fγ∗γ∗P (−Q
2, 0)
(approx). See text for details.
as in [77], thus we do not repeat here the formulae. The
matrix element describing the reaction e+e− → π0γγ was
written as a product of leptonic and hadronic current:
M[e+(p1)e−(p2)→ π0(q1)γ(k1)γ(k2)]
= Lν(k1)Hν(k2) + (k1 ↔ k2), (51)
where
Hν(k2) = e
2ǫµναβq
µ
1 k
α
2 ǫ
β
2Fγ∗γ∗P
(
(q1 + k2)
2, 0
)
(52)
and
Lν(k1) =
ie2
2p2 · k1 v¯(p1)γ
ν
(
2ǫ1p1 − k1/ ǫ1/
)
u(p2)
+
ie2
2p1 · k1 v¯(p1)
(
ǫ1/ k1/ − 2ǫ1p1
)
γνu(p2),
(53)
with ǫi, i = 1, 2 being a polarization vector of the photon
with the four momentum ki.
The effect of radiative corrections is shown in Figure
10. The plots were obtained using fit 2 parameters ac-
cepting the events with the pseudoscalar particle and one
of the photons with an energy bigger than 0.5 GeV being
observed within the angular range between 20 and 160
degrees. The radiative corrections are big due to the fact
that the pseudoscalar transition form factor is falling fast
at high values of the virtual photon mass. At LO (lead-
ing order) the form factor is calculated at s, while in the
two photon amplitude it is calculated at much smaller
invariants Q21 = (q1 + k1)
2, or Q22 = (q1 + k2)
2 resulting
from the hard photon emission.
VII. CONCLUSIONS
We model the Lagrangians LγγP , LγV , LV γP and
LV V P within the resonance chiral symmetric theory with
the SU(3) breaking. Two model versions with 22(17)
couplings of the model are fitted to 536 experimental
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FIG. 10: Comparison between LO and NLO cross sections.
See text for details.
data points resulting in χ2 = 415(454). Within the de-
veloped models we predict the light-by-light contribu-
tions to the muon anomalous magnetic moment aPµ =
(82.8± 3.4)× 10−11. The error covers also the model de-
pendence within the class of models considered in this
paper. The model was implemented into the Monte
Carlo event generator Ekhara to simulate the reactions
e+e− → e+e−P , (P = π0, η, η′) and into the Monte
Carlo event generator Phokhara to simulate the reactions
e+e− → Pγ(γ) at the next-to-leading order.
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